Abstract. In this paper, we address a particular case of Calderón's (or conductivity) inverse problem in dimension two, namely the case of a homogeneous background containing a finite number of cavities (i.e. heterogeneities of infinitely high conductivities). We aim to recover the location and the shape of the cavities from the knowledge of the Dirichlet-to-Neumann (DtN) map of the problem. The proposed reconstruction method is non iterative and uses two main ingredients. First, we show how to compute the so-called generalized Pólia-Szegö tensors (GPST) of the cavities from the DtN of the cavities. Secondly, we show that the obtained shape from GPST inverse problem can be transformed into a shape from moments problem, for some particular configurations. However, numerical results suggest that the reconstruction method is efficient for arbitrary geometries.
Introduction
Let be given a simply connected open bounded set Ω in R 2 with Lipschitz boundary Γ. Let σ be a positive function in L ∞ (Ω) and consider the elliptic boundary value problem:
−∇ · (σ∇u f ) = 0 in Ω (1.1a)
Calderón's inverse conductivity problem [12] is to recover the conductivity σ knowing the Dirichlet-to-Neumann (DtN) map f −→ ∂ n u f |Γ of the problem. In a recent work [46] , the authors investigated this problem in the particular case of piecewise conductivity with infinitely high contrast (see for instance Friedman and Vogelius [21] who considered this problem in the case of small inclusions). Combining an integral formulation of the problem with tools from complex analysis, they proposed an explicit reconstruction formula for the geometry of the unknown cavity. However, due to the crucial use of the Riemann mapping theorem, the proposed approach was limited to the case of a single cavity. The aim of this paper is to investigate the case of a multiply connected cavity. More precisely, we suppose that Ω contains a multiply connected domain ω = ∪ boundaries γ k and ω ⊂ Ω (see Figure 1) . We denote by γ = ∪ N k=1 γ k and by n the unit normal to Γ ∪ γ directed towards the exterior of Ω \ ω.
For every f in H By following the proof given in the Appendix of [46] for the case of a single cavity (N = 1), it can be easily shown that this elliptic problem is well-posed and that its solution can be seen as the limit solution obtained by considering problem (1.1) for a piecewise constant conductivity and letting the constant conductivity inside the cavities tend to infinity (at the same speed).
The inverse problem investigated in this paper can be formally stated as follows (the exact functional framework will be made precise later on): knowing the Dirichlet-to-Neumann (DtN) map Λ γ : f −→ ∂ n u f |Γ , how to reconstruct the multiply connected cavity ω ? Roughly speaking, one can distinguish in the literature two classes of approaches for shape identification: iterative and non iterative methods (see for instance the survey paper by Potthast [48] ). In the first class of methods, one computes a sequence of approximating shapes, generally by solving at each step the direct problem and using minimal data. Among these approaches, we can mention those based on optimization [6, 13] , on the reciprocity gap principle [42, 36, 11] , on the quasireversibility [7, 8] or on conformal mapping [1, 40, 26, 27, 28, 41, 29] . The second class of methods covers non iterative methods, generally based on the construction of an indicator function of the inclusion(s). These sampling/probe methods do not need to solve the forward problem, but require the knowledge of the full DtN map. With no claim as to completeness, let us mention the enclosure and probe method of Ikehata [32, 34, 33, 35, 20] , the linear sampling method [14, 15, 10 ], Kirsch's Factorization method [9, 30, 38] and Generalized Polya-Szegö Tensors [5, 2, 3, 4, 37] . The reconstruction method proposed in this paper is non iterative and can be decomposed into two main steps. First, we show that the knowledge of DtN map gives access to the so-called Generalized Pólya-Szegö Tensors (GPST) of the cavity. This is done (see §. 3.1) by adapting to the multiply connected case the boundary integral approach proposed in [46] for a simply connected cavity. The second step is to transform this shape from GPST problem into a (non standard) shape from moments problems (see §. 3.2). Reconstructing the geometry of the cavities amounts then to reconstructing the support of a density from the knowledge of its harmonic moments. Our reconstruction algorithm is then obtained by seeking a finite atomic representation of the unknown measure. Let us emphasize that we have been able to justify the connection between the shape from GPST problem and the shape from moments problem only in some particular cases (for a single cavity, for two disks and for small cavities). However, the reconstruction method turns out to be numerically efficient for arbitrary cavities. The paper is organized as follows. We collect some technical material from potential theory in Section 2. The reconstruction method is described in 3. Section 4 is devoted to the proof of Theorem 3.6. Finally, examples of numerical reconstructions are given in Section 5.
Background on potential theory
This section aims to revisit the results from potential theory given in [46, Section 2.1.] in the context of a multiply connected cavity. For the proofs, we refer the reader to [46] and to the books of McLean [43] , Steinbach [50] or Hsiao and Wendland [31] for more classical material. Denote by
the fundamental solution of the operator −∆ in R 2 . We pay careful attention to state the results in a form that includes multiply connected boundaries.
2.1. Single layer potential. We define the function spaces
which are Hilbert spaces when respectively endowed with the norms
, we denote by S γq the single layer potential associated with the densityq.
. . , N }, we can write:
The single layer potential defines a bounded linear operator from H
, and the asymptotic behavior of S γq reads as follows (see for instance [43, p. 261 
where we have set for everyq ∈ H 
where for every k ∈ {1, . . . , N }: We also recall that the single layer potential satisfies the following classical jump conditions
In the above relations, we have used the notation 
Using Green's formula and the asymptotics (2.1), we can easily prove the identity
According to [43, Theorem 8.12] 
It is also known (see [43, Theorem 8.16] ) that S γ is boundedly invertible if and only if the logarithmic capacity of γ (see [43, p. 264] for the definition) satisfies Cap(γ) = 1. From now on, and without loss of generality, let us assume that the diameter of Ω is less than 1 (otherwise, it suffices to rescale the problem), which implies in particular that Cap(Γ) < 1 and Cap(γ) < 1 (see [50, p. 143] and references therein).
In order to characterize the image ofĤ(γ) by S γ , we need to introduce the following densities. Definition 2.4. For every k ∈ {1, . . . , N }, we define the unique density:
k is constant on γ for every ∈ {1, . . . , N } and satisfying the circulation conditions: 
Proposition 2.5. The operator S γ defines an isomorphism fromĤ(γ) onto
We only need to prove that H(γ) = S γ (Ĥ(γ)). Letq ∈ H − 1 2 (γ) and set q := S γq . We note that for all i ∈ {1, . . . , N }:
where the last equality follows from the fact that e i j is constant on each boundary γ j . The matrix (e i j ) 1 i,j N being invertible, we haveq ∈Ĥ(γ) if and only if q ∈ H(γ).
The above result allows us to use the linear operator:
to identify any densityq ∈ H(γ) with the trace q := S γq ∈ H(γ).
Throughout the paper, we will systematically use this identification, using the notation with (respectively without) a hat on single layer densities of H(γ) (respectively traces of single layer densities). Definition 2.6. For allp,q ∈ H(γ), we set:
2 ,γ . Obviously, using these inner products, the isomorphism S γ turns out to be an isometry between the spaces H(γ) and H(γ):
The following orthogonal projections will be needed in the sequel. It can be easily checked that: Let us recall a useful characterization of the norm chosen on H(γ) (the proofs of the assertions stated below are given in [46, Section 2.1.] for the case of a simply connected cavity, but they can be easily extended to the multiply connected case). We define the quotient weighted Sobolev space:
where the weight is given by
and where the quotient means that functions of W 1 0 (R 2 ) are defined up to an additive constant. This space is a Hilbert space once equipped with the inner product:
For q ∈ H(γ), and according to (2. 3), we have
To conclude this subsection, let us recall that the normal derivative of the single layer potential is not continuous across γ (see also (2.2)), as with obvious matrix notation (here the signs + and − refer respectively to the trace taken from the exterior and the interior of γ):
where for smooth densities 
, it is well-known that the double layer potential
defines a harmonic function in R 2 \γ whose normal derivative across γ is continuous, but whose trace is not continuous. More precisely, we have
One has in particular
Later (see the proof of Theorem 4.6), we will need to compute the inner product of two densities p, q ∈ H using double layer potentials. This is provided by the two next lemmas, which deal respectively with the cases of real and complex valued densities.
Lemma 2.10. Given p, q ∈ H(γ), let u := S γp and v := S γq denote the single layers respectively associated withp,q ∈ H(γ). Let u be the function defined in
where
Similarly, we define the function v associated to v. Then, the functions u and v admit double layer representation formulae associated to two densitiesp,q ∈ H(γ):
Moreover, we have
e. the harmonic function such that u + i u − is holomorphic in ω) exists and is uniquely defined up to a constant (and this does not affect (2.7)). The existence of the harmonic conjugate u + of u in ω c is ensured by the fact that u = S γp is circulation free on γ (since p ∈ H(γ)). Moreover, thanks to Cauchy-Riemann's equations we have
Since u admits by assumption a single layer representation, it is continuous across γ, and hence, the same holds for its tangential derivative. According to (2.8), this yields the continuity of ∂ n u across γ (note that trace of u is not continuous across γ). From classical integral representation formula for harmonic functions, this implies that u admits a double layer representation: u := D γp , withp = [ u] γ . Defining similarly v := D γq , we obtain using (2.8) that
where the last equality follows from Green's formula. Equation (2.7) can then be deduced from the fact that
In the rest of the paper, we still denote by ·, · 1 2 ,γ the hermitian inner product on H 1 2 (γ) seen as a complex Hilbert space. For instance, for p = p 1 + ip 2 and q = q 1 + iq 2 we will have
2 ,γ . Lemma 2.10 admits then the following counterpart for complex-valued densities. 
Lemma 2.11. Given
Proof. From (2.7) and (2.9), we immediately get that
which is the claimed result.
Let us conclude by recalling the relation (in dimension two) between the double layer potential and the (complex) Cauchy transform. In the sequel, we identify a point x = (x 1 , x 2 ) of the plane with the complex number z = x 1 + ix 2 . The Cauchy transform of a density q defined on γ is given by:
Remark 2.12. It is worth noticing that the Cauchy transform can be easily computed in the following particular cases using Cauchy integral formula and Cauchy integral theorem.
(1) If q is the trace of a holomorphic function F on ω, then
It turns out (see for instance [25, p. 254] or [39, p. 100]) that for real-valued traces q, the double layer potential coincides with the real part of the Cauchy integral. Therefore, for complex-valued densities q, the Cauchy transform and the double layer potential are related via the following formulae:
The above relations can be summarized in the identity:
or equivalently:
3. The reconstruction method 3.1. From DtN measurements to GPST. The first step of the proposed reconstruction method is to recover the GPST of the cavities from the DtN measurements. (1) If p ∈ H(γ), then q := Tr Γ (S γp ) belongs to H(Γ).
(2) Operators K γ Γ and K Γ γ are compact, one-to-one and dense-range operators. Moreover, for every functions q ∈ H(Γ) and p ∈ H(γ), we have:
2 ,γ = 0, which shows that Λ γ is valued in H(Γ). Considering data f ∈ H(Γ), we can thus define the DtN operator Λ γ as follows:
Let us denote by Λ 0 the DtN map Λ γ in the case where ω = ∅ (the cavity free problem).
Theorem 3.3. The two following bounded linear operators in H(Γ):
, satisfy the following equivalent identities:
The above result shows that the knowledge of the DtN maps Λ γ and Λ 0 respectively corresponding to the cases with and without the cavities, entirely determines the boundary interaction operator K. Using (3.1), it is worth reformulating the second identity in (3.3) in a variational form:
This identity can be used to compute the entries of the so-called polarization tensors of the multiply connected cavity. To make this statement precise, let us introduce the following definition.
Definition 3.4. Identifying x = (x 1 , x 2 ) in R 2 with the complex number z = x 1 + ix 2 , we define for every m 1, the harmonic polynomials of degree m:
We define as well 
,γ . These quantities are strongly connected with the so-called Generalized Pólya-Szegö Tensors (GPST) used in [46] to reconstruct a single cavity. Unfortunately, the reconstruction method proposed there rests on the Riemann mapping theorem, which does not apply in the multiply connected case considered in this paper. We propose in the next section a new reconstruction method to recover the geometry of the cavities from the available data, namely the real quantities Q ,γ ) as a moments problem. Let us recall that the classical moments problem consists in recovering an unknown measure with support in K ⊂ C from its moments. The literature on this problem is very rich and covers a wide range of questions (solvability, uniqueness and reconstruction) and settings (dimension one or higher dimensions, arbitrary measures or measures absolutely continuous with respect to the Lebesgue measure, full or partial (harmonic or truncated) set of moments,...). Proposing a complete review is thus clearly beyond the scope of this paper. Let us simply make a few comments and quote some references. As far as we know, there is no framework to tackle this problem in full generality and most contributions address particular issues. The solvability of the moment problem in the cases K = [0, +∞[, K = {|z| = 1}, K = R and K = [0, 1] has been answered by the classical theorems of Stieltjes, Toeplitz, Hamburger and Hausdorff (see for instance Curto and Fialkow [16] and references therein). In dimension two, Davis studied the reconstruction of a triangle from four moments [17] , Milanfar et al. [44] investigated the reconstruction of arbitrary polygons and Putinar [49] provided solvability conditions for the moments problem in the complex plane and pointed out some nice connections with quadrature domains (two-dimensional domains which are uniquely determined by finitely many of their moments, see [19] ). Finally, two-dimensional shape reconstruction algorithms have been also proposed [22, 23, 45, 24] . For the problem studied in this paper, the connection between the shape-from-GPST problem and the shape-from-moments problem is based on the existence of a Borel measure ν supported in the cavity ω such that (z denotes the variable in the complex plane)
We have been able to prove this formula only in two special cases: for a simply connected cavity and in the case of two disks. Still, the numerical results (see Section 5) obtained for arbitrary cavities using the reconstruction method based on this formula (see subsection 3.3) are conclusive. This is why we state the following conjecture. As mentioned above, we have obtained the following result, whose proof is given in Section 4. In particular, the expression of the measure ν is given therein.
Theorem 3.6. Conjecture 3.5 is true for N = 1 (single cavity) and when ω is constituted of two non intersecting disks.
The main interest of identity (3.7) lies in the fact that it bridges two classical inverse problems, namely the Calderòn's conductivity inverse problem and the historical moments problem. However, our moment problem has two features that makes it difficult to solve. First, we only have at our disposal the harmonic moments (i.e. the sequence ω z m dν, and not the doubly indexed sequence ω z mzn dν). Second, the involved measure is generally not of the form dν = 1 ω dx which is the most studied in the literature.
In order to have some insight on what this measure might represent, let us consider the particular case where the cavity is constituted of a collection of small inclusions. There is a wide literature dealing with this case and we refer the interested reader to the book by Ammari and Kang [5] . For small disks of centers z i and radii ερ i , i = 1, . . . , N (ε > 0 being a small parameter), and for the boundary conditions considered in this work, the DtN map denoted Λ ε admits the following asymptotic expansion (apply for instance [46, Theorem 2.1] , in the case of non moving disks):
In the above formula, f Γ , g Γ ∈ H 1 2 (Γ) denote respectively the traces on Γ of holomorphic functions F, G defined in the cavity ω ε . With the notation of Theorem 3.3, this expansion shows that
) and thus
Hence, we have
Thanks to (3.8), the above formula reads
This formula suggests that the measure ν can be approximated by an atomic measure, involving the centers and the radii of the unknown disks.
3.3. The reconstruction algorithm. Going back to the general case of an arbitrary cavity, it is thus natural to seek an approximation of the measure ν appearing in Conjecture 3.5 in the form ν * = n i=1 c i δ zi for some integer n, where the weights c i are positive and the points z i are distinct.
To do so, we equalize the first 2n complex moments:
The non linear system (3.9) with 2n unknowns is usually referred to as Prony's system. To solve it, we follow the method proposed by Golub et al. [22] . For all integer 0 m 2n − 1, let:
, and
Setting c = (c i ) 1 i n and z = (z i ) 1 i n , we easily see that if the pair (z, c) solves System (3.9), then the points z i , 1 i n, are the eigenvalues of the generalized eigenvalue problem (3.10)
Once the (z i ) 1 i n have been determined, the weights (c i ) 1 i n can be easily computed (by solving the linear system (3.9) or computing the diagonal elements of the matrix V −1 H 0 V −T ). Considering the particular case of small disks described in subsection 3.2, the cavity will be reconstructed by drawing the disks of centers (z i ) 1 i n and radii (ρ i ) 1 i n , with ρ i = |c i |/2π (see Section 5 for some examples). 
This formula can be easily generalized for every trace f ∈ H 1 2 (γ) of a holomorphic function F in ω as follows: 
In particular, Conjecture 3.5 is true for N = 1 with dν = 4a Proof of Theorem 4.1. Integrating by parts in (4.1), we get that:
Denoting by ψ = φ −1 the map that conformally sends the exterior of ω onto the exterior of the unit disk D, we obtain:
where we have used the fact that |ψ(ξ)| = 1. In the right hand side, we recognize:
where n = (n 1 , n 2 ) is the unit normal to γ. We deduce that:
At this point, we would like to integrate by parts but ψ is not defined inside ω. We introduce the harmonic (but non holomorphic) diffeomorphism:
We define as well its inverse η = δ −1 (which in not even harmonic but only C ∞ ) and we have:
Tolerating a slight abuse of notation, we shall write η(x, y) = η 1 (x, y) + iη 2 (x, y) = η(ξ,ξ), for ξ = x + iy. We can now integrate by parts to get:
Recall that ∇Re (F (ξ)) = (Re (F (ξ)), −Im (F (ξ))) and ∇Im (F (ξ)) = (Im (F (ξ)), Re (F (ξ))). We deduce that:
which can be simply rewritten as:
On the one hand, we have:
Hence, we deduce that (see [18, p. 3] )
and therefore:
On the other hand, using the chain rule formulae (see [18, p. 5 ]), we have:
Eliminating ∂η ∂ξ from the above relations, we get that
But, on the one hand, a direct calculation shows that ∂δ ∂z = a 1 , while on the other hand, we know (see [18, p. 5] ) that for a harmonic diffeomorphism, we have:
Substituting these relations in (4.3), we obtain that ∂η ∂ξ = a 1 |Dη|.
The conclusion follows then from (4.2).
4.2.
The case of two disks. We assume here that ω = ω 1 ∪ ω 2 , where ω 1 and ω 2 are two disks centered at z 1 and z 2 respectively and with radii ρ 1 and ρ 2 . We set ρ := |z 1 − z 2 | and we denote by ω c j = C \ ω j (j = 1, 2).
Proposition 4.3.
There exists two sequences of points (z 1,n ) n 0 and (z 2,n ) n 0 and four sequences of complex numbers (κ 1,n ) n 1 , (κ 2,n ) n 1 , (α 1,n ) n 0 and (α 2,n ) n 0 such that the following properties hold true:
(1) z 1,n ∈ ω 1 and z 2,n ∈ ω 2 for all n 0.
(2) The densities defined by
and for all n 1:
are such that for j = 1, 2 the series n 0 q j,2n +q j,2n+1 converges in H 1 2 (γ j ) to some limit q j . (3) The limits q 1 ∈ H 1 2 (γ 1 ) and q 2 ∈ H 1 2 (γ 2 ) are such that
The proof of this result is constructive: the sequences (z j,n ) n 0 , (κ j,n ) n 1 and (α j,n ) n 0 (j = 1, 2) are respectively given by formulae (4.4), (4.5) and (4.9) . In order to prove the above Proposition, let us introduce some further notation and prove two lemmas. Setting:
let us define the two real sequences (λ 1,n ) n 0 and (λ 2,n ) n 0 by:
and for n 1
It is worth noticing that
Lemma 4.4. The real sequences (λ 1,n ) n 0 and (λ 2,n ) n 0 are convergent. More precisely, we have:
where Λ :
Moreover, for every n 0:
Proof. The convergence of the two sequences (λ j,n ) n 0 (j = 1, 2) depends on the sign of Λ. Noticing that Λ 2 /Λ 1 = (ρ 2 /ρ 1 ) 2 and rewriting Λ as:
we deduce that:
and therefore that Λ > 0.
It follows that:
We deduce first that:
and hence that
converges in H 1 (ω 1 ) and hence its trace on γ 1 converges in H 1 2 (γ 1 ) to some limit q 1 . The same reasoning holds for j = 2. 3. According to Remark 2.12, the densities q j,0 andq j,0 (j = 1, 2) admit the following Cauchy transforms:
where, for the last equation, we have used the relation:
Based on formulae (2.11), we deduce that:
In particular, we have
Similarly, and using once again Remark 2.12, we have for every n 1:
In order to compute C γ1q1,n (ξ), we note that for every ξ ∈ γ 1 , we have:
But notice now that, on the one hand:
and on the other hand:
Plugging the last two relations in (4.12) and using the identity
we obtain that for ξ ∈ γ 1 :
and next, using (4.10), that:
After similar computations for D γ1 q 2,n , we finally obtain that
It is then easy to verify that:
in ω 2 .
Letting n go to infinity and invoking again Lemma 4.5, we obtain the claimed result.
We can now prove the main results of this section.
Theorem 4.6. There exists two sequences of complex weights (c 1,n ) n 0 and (c 2,n ) n 0 such that for every
In other words, we have
where the measure ν is defined by:
Proof. Let us first prove the following identity:
We use here the notation of Lemma 2.11. If 2) is the harmonic conjugate of F j . Obviously, since F j is harmonic in ω j , we have F
and dz = in(z)ds z , the above formula immediately yields (4.18).
The density q j,2n+1 being the trace of a holomorphic function in ω j , the last terms in the right hand side vanishes. Let us focus on the term:
But for z ∈ γ 1 , we have:
, and therefore:
where the last equality follows from (4.8). Adding the contribution corresponding to γ 2 , we finally obtain that
and the proof is complete.
Numerical tests
We collect in this section some numerical experiments illustrating the feasibility of the proposed reconstruction method. For the sake of clarity, we first sum up the different steps of the simple reconstruction algorithm:
(1) Compute a numerical approximation of the operator R = S Γ (Λ γ − Λ 0 ).
(2) Fix an integer n 1 and compute for 0 m 2n − 1:
(3) Following the method described in §. 3.3, solve Prony's system:
to determine the positive weights (c i ) 1 i n and (distinct) points (z i ) 1 i n . (4) Plot the disks of centers (z i ) 1 i n and radii (ρ i ) 1 i n , with ρ i = |c i |/2π.
We refer the interested reader to [46, Section 4] for technical details about the implementation of steps 1 and 2 of the algorithm.
For practical reconstructions, a natural question is how to determine the number n of atoms (disks) to be used. From our numerical experiments, there is no clear answer to this issue. However, increasing n generally yields reconstructions of better quality. This fact is illustrated in Figures 2, 3 and 4 which show respectively examples of reconstructions for a rectangular cavity, a clover shaped cavity and a multiply connected cavity (with three connected components).
The following remarks are worth being mentioned:
• Increasing the number of atoms from n to n + 1 does not result in just adding an additional disk. Indeed, this leads to a new Prony's system and hence, to a completely new distribution of disks.
• For a given value of n, we can obtain atoms with zero radii which seem to be randomly distributed outside the cavity. See for instance Figure 2(d) , where among the 22 atoms, only 13 have non zero radii.
• Sometimes, spurious atoms can be observed (see Figure 5(a) ), but they disappear when n increases (see Figure 5 (b)).
Appendix A. Appendix
The next lemma generalizes to the case of a multiply connected boundary the result given in [43, Lemma 8.14] for a simply connected boundary. Our proof is slightly different from the one given there, although it also uses the Fredholm alternative. The notation are those of Section 2 and we recall that the assumption Cap(γ) = 1 is supposed to hold true. Using this notation, system (A.1) simply reads
Clearly, A defines a bounded operator from H (a) n = 16 (b) n = 17 Figure 5 . Sensitivity of the reconstruction with respect to n: appearance and disappearance of spurious disks outside the cavity.
